
Areas on the Sphere and 
HEALPix



• I’ve provided you with a lot of options  
for determining distances on the  
sphere...but what about areas? 

• The area of the entire (unit) sphere  
is 4π steradians or about 41252.96 deg2 

• One way to keep track of the area of  
regions of the sphere is to just subdivide it 

– half the sphere has an area of 2π steradians 
(41252.96/2 deg2), a quarter of the sphere has an 
area of π steradians (41252.96/4 deg2), etc. 

• Or, spherical calculus tells us the area of a zone (the 
surface area of a spherical segment)

Areas on the sphere



• The area of a zone (on the unit sphere)  
is 2πh in steradians (see the link to  
Wolfram MathWorld on the syllabus) 

• The area of a cap is then 2π(1-h).  
– The spherical cap will come in very  

useful in the next lecture 

• The area of a “rectangle drawn on the sphere,” which 
is a fraction of a zone, is f2πh where f is  
the fraction in this “lat-lon rectangle”  

• A “lat-lon rectangle” as I’ll call it (it  
doesn’t have an “official” name) is  
bounded by lines of longitude (or Right  
Ascension) and latitude (or declination)

taken from 
Wolfram  

Mathworld
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• From the coordinate discussion of  
a few lectures ago, we can easily  
find the h in f2πh 

– h = z2 - z1 = sinδ2 - sinδ1 

• 2πf depends on the fraction of  
the full circle covered by the α  
range of interest (in radians 2πf is  
just the difference in α): 

– 2πf = (α2radians - α1radians)  
• From f2πh, the area of a lat-lon  

rectangle bounded by α and δ is… 
– (α2radians - α1radians)(sinδ2 - sinδ1) 

right ascension  
(α)

Equator

declination  
(δ)

z r = 1

z = rsinδ 
= sinδ

δ
R

lat-lon  
rectangle
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• By definition, a spherical cap  
is the same area no matter  
where it cuts the sphere 

• The radius of a cap may cover  
a different span in α but it is the same physical  
radius, and so corresponds to the same physical area 

• Note the expression for the area of a spherical cap: 
– 2π(1-h) = 2π(1-z2) = 2π(1-sinδ2)     in steradians 
–  = 2π(1-sinδ2)* (180/π)2     in deg2 

• This is very close to (but not quite the same as) a cap area 
being πθ2 where θ is the cap radius drawn on the sphere 

• Try, comparing, e.g., θ=1o and δ1=89o to θ=60o and 
δ2=30o. From here on, we’ll write 1-sinδ2 as 1-cosθ

z r = 1

z = rsinδ 
= sinδ

δ
R
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• So, in steradians, the area of a lat-lon rectangle 
bounded by Right Ascension α and declination δ is 

– (α2radians - α1radians)(sinδ2 - sinδ1) 
• Then, the area of a lat-lon rectangle bounded by α and 
δ is given by… 

– (180/π)(180/π)(α2radians - α1radians)(sinδ2 - sinδ1)  
 
                 …in square degrees 

• Or, in a more compact form useful when working with 
astronomical coordinates (for which α is usually 
expressed in degrees) 

– (180/π)(α2degrees - α1degrees)(sinδ2 - sinδ1)

Areas on the sphere



Hierarchical, Equal Area, iso-Latitude Pixelization

• Areas on the sphere become yet more complex if they 
are not simple astronomical fields bounded by lines 
of Right Ascension and declination 

• So, a number of tricks have been developed to keep 
track of areas in large surveys of the sky 

• One such trick, HEALPix, relies on the idea from a 
few slides ago (1/2 the sphere is 2π steradians, 1/4 is 
π steradians, etc.) and is a genuine quad-tree scheme 

• Go to the syllabus’ JPL HEALPix primer link 
– read Discretization of Functions on the Sphere 

(pay particular attention to Figure 2) 
– also read Geometric and Algebraic Properties...



Hierarchical, Equal Area, iso-Latitude Pixelization

should be retained for reasons related to the fast harmonic
transform.

This preferred implementation, which is referred to as
HEALPix, is a geometrically constructed, self-similar, refinable
quadrilateral mesh on the sphere as shown in Figure 3. The base
resolution comprises 12 pixels in three rings around the poles
and equator. The resolution of the grid is expressed by the pa-
rameter Nside, which defines the number of divisions along the
side of a base-resolution pixel that is needed to reach a desired
high-resolution partition.11 All pixel centers are placed on rings
of constant latitude, and are equidistant in azimuth (on each
ring). All isolatitude rings located between the upper and lower
corners of the equatorial base-resolution pixels (i.e., !2

3 <
cos ! < 2

3), or in the equatorial zone, are divided into the same
number of pixels:Neq ¼ 4Nside. The remaining rings are located
within the polar cap regions ( cos !j j > 2

3) and contain a varying
number of pixels, increasing from ring to ring, with increasing
distance from the poles, by one pixel within each quadrant. A
HEALPix map hasNpix ¼ 12N 2

side pixels of the same area!pix ¼
"=(3N 2

side).

4.1. Pixel Positions

For a resolution parameter Nside, the pixels are laid out on
4Nside ! 1 isolatitude rings.

The locations of pixel centers on the sphere are defined by
(z # cos !; #), where !2 ½0; "% is the colatitude in radians mea-
sured from the north pole and #2 ½0; 2"% is the longitude in

radians measured eastward. Pixel centers on the northern hemi-
sphere are given by the following equations:

North polar cap.— For ph ¼ ( p þ 1)=2, the ring index 1 '
i < Nside, and the pixel-in-ring index 1 ' j ' 4i, where

i ¼ I
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North equatorial belt.—For p0 ¼ p! 2Nside(Nside!1),Nside '
i ' 2Nside, and 1 ' j ' 4Nside, where

i ¼ I p0=4 Nsideð Þ þ Nside; ð6Þ
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where the auxiliary index s describes the phase shifts along the
rings and I(x) is the largest integer number smaller than x.

Pixel center positions in the southern hemisphere are obtained by
themirror symmetry of the grid with respect to the equator (z ¼ 0).
One can check that the discretized area element "z"#j j¼!pix is a
constant by defining"z and"# as the variation of z and # when i
and j, respectively, are increased by unity.

4.2. Pixel Indexing

Specific geometrical properties allow HEALPix to support
two different numbering schemes for the pixels, as illustrated in
Figure 4.

First, in the ring scheme, one can simply count the pixels mov-
ing down from the north to the south pole along each isolatitude
ring. It is in this scheme that Fourier transforms with spherical
harmonics are easy to implement. Second, one can replicate the
tree structure of pixel numbering used, e.g., with the QuadCube.
This can easily be implemented since, because of the simple
description of pixel boundaries, the analytical mapping of the
HEALPix base-resolution elements (curvilinear quadrilaterals)
into a ½0; 1% ; ½0; 1% square exists. This tree structure, aka nested
scheme, allows one to implement efficiently all applications in-
volving nearest-neighbor searches (Wandelt et al. 1998), and
also allows for an immediate construction of the fast Haar wave-
let transform on HEALPix.

The base-resolution pixel index number f runs in 0; N!N# !
&

1g¼ f0; 11g. Introducing the row index

frow ¼ I f =N#

' (
; ð10Þ

we define two functions that index the location of the south-
ernmost corner (or vertex) of each base-resolution pixel on the
sphere in latitude and longitude, respectively:

F1( f )¼ frow þ 2; ð11Þ

F2( f ) ¼ 2 f modN#

' (
! frowmod 2ð Þ þ 1: ð12Þ

Fig. 3.—Orthographic view of the HEALPix partition of the sphere. The
overplot of equator and meridians illustrates the octahedral symmetry of
HEALPix. Light gray shading shows one of the 8 (4 north and 4 south) identical
polar base-resolution pixels. Dark gray shading shows one of the 4 identical
equatorial base-resolution pixels. Moving clockwise from the top left panel, the
grid is hierarchically subdivided with the grid resolution parameter equal to
Nside ¼ 1, 2, 4, 8, and the corresponding total number of pixels equal to
Npix ¼ 12 ;N2

side ¼ 12, 48, 192, 768. All pixel centers are located on Nring ¼
4Nside ! 1 rings of constant latitude. Within each panel the areas of all pixels are
identical.

11 It should be noted that the WMAP team uses an alternative notation for
defining various levels of resolution. Specifically, they refer to a ‘‘resolution
level’’ defined by Nside ¼ 2k, where k can adopt the integer values 0, 1, 2, . . . .

HEALPix 763

Nside = 1, 2, 4, 8 

• Nside expresses the 
resolution of the grid.  For 
Nside resolution you get 
4*Nside-1 isolatitude rings 
and 12*Nside2 pixels. 

• The base-resolution has 12 
pixels in 3 rings around the 
poles and equator.  Nside is 
the number of divisions on 
a base-resolution pixel to 
reach the desired 
resolution.



Hierarchical, Equal Area, iso-Latitude Pixelization

• Pixels have equal area and are centered on lines of 
constant latitude. 

• There are two indexing schemes for pixels, ring and 
nested. The ring scheme is the default.

Fig. 4.—Layout of the HEALPix pixels on the sphere in a cylindrical projection and a demonstration of two possible pixel indexations—one running on
isolatitude rings, the other arranged hierarchically or in a nested tree fashion. The top two panels correspond to Nside ¼ 2 in first ring then nested schemes; the bottom
two panels are for Nside ¼ 4. ! refers to the colatitude and " to the longitude.



Hierarchical, Equal Area, iso-Latitude Pixelization

• Install the Python version of HEALPix in astroconda 
– conda config --add channels conda-forge  

conda install healpy 
• It can be called and used, e.g., as follows: 

– import healpy; healpy.ang2pix(nside,theta,phi) 
– theta and phi are in radians, phi = RA and theta 

= [π/2 (radians) - dec] i.e. theta = 0 is the north 
pole (dec = 90o)..see the wikipedia definition 
linked from the syllabus 

• The most useful commands for our purposes are 
linked from the syllabus under HEALPix Pixelisation 
related functions

http://healpy.readthedocs.io/en/latest/healpy_pix.html
http://healpy.readthedocs.io/en/latest/healpy_pix.html
http://healpy.readthedocs.io/en/latest/healpy_pix.html
http://healpy.readthedocs.io/en/latest/healpy_pix.html


1.Generate a random set of 1000000 points on the surface 
of the sphere with coordinates ra,dec (α,δ) degrees that 
correctly populate the sphere equally in area, recall: 
• ra = 360.*(random(1000000)) and 
• dec=(180/np.pi)*np.arcsin(1.-random(1000000)*2.) 
• plot your points, note density near the poles and 

equator. 
2.Use ang2pix with nside=1 to determine which pixels 

each of your ra, dec points lie within at the nside=1 
level of the HEALpix hierarchy 
• convert ra, dec to radians and take 90o (π/2 radians) - 

dec so that ra becomes phi and dec becomes theta 
• What is the area of an nside=1 HEALpix pixel?

Python tasks



3.Use the numpy.histogram command to print out how 
many of your points lie in each HEALpix pixel 
• Is the answer consistent with pixels being equal-area? 

4.numpy.where will return the indices that obey a logic 
command. So, if you’ve called your array of pixels 
“pix” then w = np.where(pix == 2) will make w a list 
of indices for which phi, theta (or ra, dec) lie in pixel 2 
• Plot ra, dec using matplotlib marker ‘k.’ and over-

plot ra[w], dec[w] for those points in pixel 2, using a 
different color. Repeat for pixel 5 and pixel 8 

5.Use ang2pix with nside=2 to map your ra,dec points to 
HEALpix at the next level of the hierarchy 
• Which nside=2 pixels lie inside pixel 5 at nside=1?

Python tasks


